The period of pulsation and the structure of the light curve for Cepheid and RR Lyrae variables depend on the fundamental parameters of the star: mass, radius, luminosity, and effective temperature. Here we train artificial neural networks on theoretical pulsation models to predict the fundamental parameters of these stars based on their period and light curve structure. We find significant improvements to estimates of these parameters made using light curve structure and period over estimates made using only the period. Given that the models are able to reproduce most observables, we find that the fundamental parameters of these stars can be estimated up to 60% more accurately when light curve structure is taken into consideration. We quantify which aspects of light curve structure are most important in determining fundamental parameters, and find for example that the second Fourier amplitude component of RR Lyrae light curves is even more important than period in determining the effective temperature of the star. We apply this analysis to observations of hundreds Cepheids in the Large Magellanic Cloud and thousands of RR Lyrae in the Magellanic Clouds and Galactic bulge to produce catalogs of estimated masses, radii, luminosities, and other parameters of these stars. As an example application, we estimate Wesenheit indices and use those to derive distance moduli to the Magellanic Clouds of µ LMC,CEP = 18.688±0.093, µ LMC,RRL = 18.52 ± 0.14, and µ SMC,RRL = 18.88 ± 0.17 mag.
INTRODUCTION
Cepheids and RR Lyraes are evolved stars whose light curves exhibit large-amplitude oscillations with typical periods of days and hours, respectively. Cepheids, thanks to their Period-Luminosity (PL) relation, have a crucial importance in the extra-galactic distance scale and in the comparison with Cosmic Microwave Background-independent estimates of the Hubble constant (Freedman et al. 2001; Riess et al. 2019) . RR Lyraes are excellent tracers of old stellar populations in the Milky Way and the Magellanic Clouds (e.g., Pietrukowicz et al. 2015; Muraveva et al. 2018) , and follow bellinger@phys.au.dk † SAC Fellow ‡ KIAA Fellow a strong PL relation at infrared wavelengths that can be used to formulate a Population II distance scale (Beaton et al. 2016) . In recent years, multi-wavelength Cepheid and RR Lyrae light curves have become available from various ground and space-based microlensing and extra-solar planet hunting projects, such as OGLE-III/IV, Kepler, Gaia, and TESS.
Characterizing the non-linear structure of Cepheid and RR Lyrae light curves began for the most part with the work of Simon & Lee (1981) , who studied Galactic Cepheids using Fourier analysis and were able to show distinct progressions with period amongst the Fourier coefficients. Later Simon & Teays (1981) extended the same method to RR Lyraes. Since then Fourier decomposition of radially pulsating Cepheid and RR Lyraes has become standard. Simon & Davis (1983) were among the first to compare theoretical and observed light curves (in this case for classical Cepheids) using Fourier decomposition. Feuchtinger & Dorfi (1997) and Kovacs & Kanbur (1998) amongst others compared theoretical model light curves of RR Lyraes to observations. These studies found, for example, that Fourier methods could help understanding the Hertzsprung progression of the so called "bump Cepheids" (e.g., Bono et al. 2002) and outline regions where the models agreed with observations. Bhardwaj et al. (2017) and Das et al. (2018) describe the latest in this area for Cepheids and RR Lyraes respectively. Bhardwaj et al. (2017) found that theoretical Fourier amplitude parameters are significantly larger at optical wavelengths when compared to observations, and that a higher convective efficiency parameter in the models can resolve this discrepancy.
The Fourier decomposition entails fitting light curves (theoretical and observed alike) with a function of the form
where M is the magnitude, t is the time of observation, and ω = 2π/P, with P being the period of pulsation. The quantities A 0 , . . . A N and φ 1 , . . . φ N describe the structure of the light curve and can be used to quantitatively compare between observed and theoretical light curves. In addition, one can consider derived features of the light curve, such as the skewness and acuteness. Skewness is the ratio of the phase duration of the descending branch to the rising branch (not to be confused with the definition of the skewness of a statistical distribution), while acuteness is the ratio of the phase duration when the magnitude is fainter than the median magnitude to when it is brighter than the median magnitude (Bono et al. 2000; Bhardwaj et al. 2015) .
In brief, skewness defines left/right asymmetry in the light curve, and acuteness defines top/down asymmetry. For a pure sinusoidal curve both values are unity. Additionally, there have been a number of attempts to connect light curve structure to internal physics, perhaps most notably being the connection of the Fourier parameter φ 31 ≡ φ 3 − 3φ 1 to the metallicity of RR Lyrae stars. Initially this was a model dependent approach (Simon & Clement 1993) applied to observational data, but was later developed into a completely empirical technique (Jurcsik & Kovacs 1996) . This latter relation has had several revisions and extensions (e.g., Smolec 2005; Klagyivik et al. 2013; Nemec et al. 2013) . Pulsation models have also been used to estimate global physical parameters in past work. For example, Wood et al. (1997) performed the first application of the light curve model fitting technique to a Classical Cepheid. Subsequently Bono et al. (2002) , Keller & Wood (2002 , 2006 and Marconi et al. (2013a) applied this technique to Large Magellanic Cloud (LMC) Cepheids, including the fitting of the radial velocity curve when available (Marconi et al. 2013a) , while (Natale et al. 2008) applied the model fitting technique to the light, radial velocity and radius curve of δ Cephei. Marconi et al. (2013b) estimated physical parameters for a Cepheid in a binary systems using a grid of models to match the observed light, radial velocity and radius curves. More recently, Marconi et al. (2017) fit multiband infrared light and velocity curve observations of Cepheids in the Small Magellanic Cloud (SMC) with a grid of pulsation models to obtain a distance to the SMC that is consistent with the latest estimates. The same technique was also successfully applied to field and cluster RR Lyrae (see, e.g., Marconi & Clementini 2005; Marconi & Degl'Innocenti 2007, and references therein) .
In this work, we build on these studies in the following way. We make the following assumptions: given the mass M, luminosity L, effective temperature T eff and composition, we can determine the period and light curve structure through a forward modeling process, i.e., a stellar pulsation radiation hydrodynamics code, and that this forward modelling process is at least approximately correct. Given this, we study the extent to which the period and, in particular, light curve structure, can help to constrain these fundamental parameters M, L, T eff and parameters derived thereof, such as the stellar radius or absolute magnitudes in different passbands. We first look for connections between these parameters and the period and light curve structure purely amongst our model grid, assess the statistical significance of adding light curve structure measures to our set of independent variables, and then apply our relations to observed Cepheid and RR Lyrae stars.
The layout of the paper is as follows. In Section 2 we describe the adopted theoretical models and observational data. In Section 3 we describe the methodology of our machine learning-based approach and demonstrate on theoretical models that the use of information contained within the light curve structure significantly improves estimates of fundamental stellar parameters. In Section 4 we apply this analysis to stars in the Galactic bulge as well as the Magellanic Clouds and present estimates of the fundamental parameters of these stars. Finally, we discuss our results and finish with a discussion about possible next steps.
MODELS AND DATA
We use nonlinear 1D models of Cepheids and RR Lyraes that include a non-local, time-dependent theory of convection (Bono et al. 1999a; Marconi et al. 2013a Marconi et al. , 2015 Marconi et al. , 2018 . On this basis relations connecting the period to intrinsic stellar parameters such as the luminosity, the effective temperature, the mass and the metallicity have been derived (see, e.g., Bono et al. 1999b; Caputo et al. 2000; Marconi et al. 2015; Braga et al. 2015) . In this work we seek to extend these linear relations by looking for non-linear relations that incorporate measures of light curve structure.
In the Cepheid case, the model grid composition is appropriate for the LMC, i.e., Y = 0.25 and Z = 0.008. For each mass, the luminosity is given by the canonical massluminosity (ML) relation given by Bono et al. (2000) . We also have models with a brighter luminosity (by 0.25 dex) level to account for mild overshooting. In total we use 391 Cepheid models.
In the RR Lyrae case, the models have metallicities ranging from Z = 0.0001 to Z = 0.02 and helium abundances ranging from Y = 0.245 to Y = 0.27. Each composition has several sets of masses and luminosities fixed according to core helium burning horizontal branch evolutionary models. In total we use 269 RR Lyrae models.
For both Cepheids and RR Lyraes, the range of effective temperatures for a given ML pair covers the width of the instability strip. The theoretical bolometric light curves were converted into theoretical V, I light curves using static model atmospheres by Castelli et al. (1997) . All models were followed until a stable fundamental model limit cycle was achieved. This procedure also resulted in a theoretical nonlinear period for each model. Bhardwaj et al. (2017) and Das et al. (2018) presented an analysis of the characteristics of the light curve structure for the models used in this study. Figure 1 displays the input "data": an HR diagram of the two grids of models (one for Cepheids and RR Lyraes respectively). Figure 2 presents the period-radius and period-mass relations displayed by the models. The radius is strongly constrained by the period, with some scatter (especially in the RR Lyrae case) due to mass. These relations are essentially consequences of the period-mean density relation.
The observational data used in this study are again described in Bhardwaj et al. (2017) and Das et al. (2018) , and consist of V-and I-band data from the fourth phase of the Optical Gravitational Lensing Experiment (OGLE-IV, Soszyński et al. 2014 Soszyński et al. , 2015 Soszyński et al. , 2016 for fundamental mode Cepheids in the LMC and RR Lyraes in the LMC, SMC, and Galactic bulge. A Fourier decomposition according to Equation 1 was applied to the data to obtain the Fourier parameters (A k , φ k ). Furthermore, the skewness and acuteness of each light curve was computed. The adopted periods were taken from the OGLE catalog.
METHODOLOGY
Our methodology is to use modern methods from information theory, computer science, and artificial intelligence to look for relations connecting the period and measures of light curve structure to fundamental stellar parameters based on theoretical models. This approach follows similar recent works on the asteroseismology of solar-like stars (Bellinger et al. 2016 (Bellinger et al. , 2019 Verma et al. 2016; Angelou et al. 2017) . After discussing the statistical significance of these relations and, in particular, the merit of light curve structure in estimating fundamental parameters, we apply these relations, developed from purely theoretical data, to observations from OGLE-IV.
The grid of theoretical models have been computed via a forward function f defined as
( 2) with f representing the equations of stellar pulsation radiation hydrodynamics. The light curve structure contains the I-and V-band amplitudes, acutenesses, skewnesses, and the coefficients A 1 , A 2 , and A 3 . We now wish to invert this relation. In particular, we seek the function g = f −1 , i.e.,
which is not guaranteed to exist. To approximate this function we use an artificial neural network (ANN) trained using scikit-learn (Pedregosa et al. 2011 ) on the grid of theoretical models (for an overview of ANNs, see, e.g., Hastie et al. 2005) . We employ two hidden layers, with each having 100 hidden neurons containing rectified linear unit (ReLU, Nair & Hinton 2010) activation functions. We train the ANN using the limited-memory Broyden-Fletcher-Goldfarb-Shanno algorithm (L-BFGS, Liu & Nocedal 1989) until the squared loss reached a tolerance of 10 −7 . We use L 2 regularization to penalize large network weights, which reduces the impact of non-relevant attributes. We use a regularization tuning parameter of 0.0001, but we note that different choices for this parameter make little impact on the results. As ANNs are sensitive to data scalings, we preprocess every variable by subtracting the median and dividing by the median absolute deviation.
Model Assessment
We now seek to evaluate how well the ANN can predict physical parameters based on the theoretical models and using the theoretical period and light curve structure. As a baseline, we will compare with a linear model (LM) based on the logarithm of the period, e.g.,
where y is a quantity we wish to estimate (e.g., radius) and a and b are the coefficients of the fit. We will evaluate these estimator models using two-fold cross validation. This method works by fitting the estimator using half of the theoretical models, and then subsequently estimating the parameters of the left-out models. The procedure is then repeated by swapping the training set with the testing set. Cross validation helps to assess whether the ANN is over-fitting the training data, as in that case it would produce poor assessments on 0.50 0.75 1.00 1.25 log P/days the test data. We can then quantify the standard deviation of the errors as well as the coefficient of variation
whereŷ is the estimated value of y of the left-out models (made either by the LM or by the ANN), andȳ is the mean value of y. Note that R 2 has a maximum value of one and is unbounded from below. An R 2 of zero implies that the estimator does no better than guessing the mean value of the variable being estimated. The left panels of Figures 3 and 4 display radii estimated using cross validation with an LM based only on the period. The right panels show a machine learning model which uses period and features of the light curve structure to estimate radii. Whilst we see a modest increase in R 2 with the addition of light curve structure, we see that the structure in the errors evident in the bottom left panel (predicting radius using only period) is no longer present in the bottom right panel (using period and light curve structure). Note that in the bottom left panel, the dots of constant color are models with the same mass-luminosity pair but a different temperature.
In Figure 5 , we present results related to predicting mass for both RR Lyrae and Cepheid stars. In this case, we do not show the LM using just period as a dependent variable because these results would be very poor (cf. Figure 2) .
Again we see the destruction of structure in the errors, and find strong statistical significance when adding light curve structure to period for both Cepheids and RR Lyraes.
In the top panels of Figure 6 we present a comparison of predicted and actual theoretical luminosities using just period and also using period and light curve structure. The errors associated with these predictions are given in the bottom panels. When we incorporate light curve structure, we see a large increase in R 2 and the reduction of structure in the errors. Figure 7 presents similar results for RR Lyraes. Similarly, Figures 8 and 9 show important improvements when predicting the reddening-independent Wesenheit index (Madore 1982 )
which is widely used in estimating distances (Soszyński et al. 2018) . Figures 10 and 11 summarize the findings over all of the fundamental parameters which we seek to estimate, which also include I-and V-band magnitudes and (V − I) color. The former presents the improvements in R 2 when using period and light structure over just period when predicting various stellar parameters from the models. The latter displays the improvements in the accuracy of our estimates when using period and light curve structure over just period when predicting various stellar parameters from the models.
Another way of assessing the improvement of the ANN Machine Learning: Cepheids Variable CEP RRL over the LM is to quantify what percentage of the estimates are improved. Table 1 lists these values, showing that in the great majority (∼ 80%) of cases, the error of the ANN estimate is smaller than from the LM. Finally, Table 2 table presents the standard deviations of the errors from cross validation. When estimating the parameters of an observed star, these standard deviations are to be added in quadrature with the random uncertainties arising from propagating the observational uncertainties through the ANN.
Light Curve Structure Importances
It is interesting to study which features of the light curve in particular are most useful in constraining fundamental parameters. To answer this question we use a separate machine learning technique known as random forests (RFs, Breiman 2001 ). This method works by building an ensemble of decision trees to estimate a function. The decision trees consist of 'if-then-else' decision rules which are learned from the input data. The decision rules are constructed using information theory by considering which input feature is most highly discriminant in constraining the output. Thus one way of inferring the relative importance of a given light curve feature is to consider what fraction of decision rules are constructed based on that feature. We note that one drawback of this approach is that correlated features share the fraction of the importances, and thus each will appear relatively less important than if only one of the features were part of the analysis. 
Machine learning
Linear model RR Lyrae Figure 10 . Cross-validated coefficients of variation for fundamental parameters of Cepheids (top) and RR Lyrae (bottom) comparing estimates of mass, radius, luminosity, effective temperature, I-band magnitude, V-band magnitude, color, and Wesenheit index made using an LM based only on period (orange) and using machine learning based on period and light curve structure (blue). Higher is better. In all cases, the use of information contained in the structure of the light curve significantly improves the estimate (see also RR Lyrae Figure 11 . Cross-validated improvements to the accuracy of estimates when information from the light curve structure is incorporated over an estimate made using only the period. Here σ LM refers to the standard deviation of the errors from an LM based on period, and σ ML refers to the standard deviation of the errors from a model based on period and light curve structure.
Figures 12 and 13 display the relative importance of a light curve structure quantity in predicting mass, luminosity, effective temperature and radius for Cepheids and RR Lyraes respectively. In most cases, the period is the most important followed by either the V-or I-band acuteness. Stellingwerf & Donohoe (1987) had previously noted the importance of light curve acuteness and its possible connection to physics based on one-zone models. However, we note that for RR Lyrae masses and effective temperatures, the skewnesses and second Fourier amplitude components A 2 are either as or more important than the period in predicting that quantity. Figure 14 confirms this behavior by showing T eff against A 2 amplitudes in the grid of RR Lyrae models. We aim to investigate this more fully in future work.
In principle we can also use RFs to estimate physical parameters instead of the ANN. However, in this case we found that the ANN had slightly better performance (e.g., an average mean squared error of 0.10 from the ANN as opposed to 0.12 from the RF as measured using 5-fold cross validation on Cepheid masses; contrast with that of 0.29 from an LM). Thus we use the ANN when predicting physical parameters, and use RFs only to illuminate feature importances. Note that there are also techniques for assessing the importances of features from an ANN, which could in principle give different importances than an RF. Nevertheless, this analysis serves to give at least a rough idea of the components of lightcurve structure that are reflective of various stellar parameters.
APPLICATIONS
In the previous sections, we have used machine learning methods to estimate fundamental stellar parameters using period and light curve structure on theoretical models, and furthermore demonstrated that the addition of light curve structure is statistically important. Here we seek to apply these trained ANNs to predict these same quantities, but now using real observed data of Cepheid and RR Lyrae stars as input instead of models. In order to prevent extrapolation, we only analyze stars whose periods and light curve structure parameters are within the inner 90% of those spanned by the grid of theoretical models, and furthermore exclude any star whose estimated fundamental parameters fall outside the range spanned by the grid of theoretical models.
The results of this analysis are presented in Figure 15 . The panels on the left show the theoretical models as well as the results from applying the machine learning model to predict M V , M I , V − I, and W for the Cepheid models. The panels on the right apply the same machine learning networks to extinction-corrected Cepheid OGLE-IV observations. We notice the presence of a kink in the V and I band PL relation at a period of roughly 10 days and a similar feature in the PC relation -again in both theory and observations (Bhardwaj et al. 2016 , and references therein).
In Figure 16 , we show estimated RRab masses and luminosities for the Galactic bulge, LMC, and SMC using our machine learning methods. Even though the distribution of masses is similar across this range of metallicity, the luminosity distribution, in particular, suggests that metal-poor RRab stars are more luminous.
Distance to the Magellanic Clouds
We can now apply this method to compute Wesenheit-based distance moduli W m − W M , where W m is the observed Wesenheit index and W M is the estimated one, to each individual star. These results are given in Figure 17 . After sigma-clipping outliers at the 5σ level, a weighted average of these distance moduli yields an LMC distance of 18.688 ± 0.093 mag from Cepheids and 18.52 ± 0.14 mag from RR Lyrae stars. We note that these estimates are based on an ANN trained on both the canonical and the noncanonical models. Similarly, we obtain an SMC distance of 18.88 ± 0.17 mag from RR Lyrae stars. These estimates are statistically consistent with those from eclipsing binaries (µ LMC = 18.476 ± 0.024 mag, µ SMC = 18.95 ± 0.07 mag, Graczyk et al. 2014; Pietrzyński et al. 2019) . With this approach we do not assume any kind of period-Wesenheit relation to make these estimates as is commonly done, though that approach gives approximately the same result, albeit with somewhat higher uncertainty.
Catalogs
Tables 3, 4, 5, and 6 lists the estimated fundamental parameters for Cepheids in the LMC and RR Lyraes in the LMC, SMC, and Galactic Bulge, respectively. The uncertainties on these estimates are obtained by perturbing the observed light curve parameters 100 times and passing each random realization of noise through the ANN. The resulting random uncertainties are then added in quadrature with the systematic uncertainties (cf. Table 2 ) to obtain the stated total uncertainty. Note that as here we have perturbed the light curve parameters themselves and not the underlying light curves, we neglect correlations in the the light curve parameters.
CONCLUSIONS
Our interest is in determining global stellar parameters of Cepheids and RR Lyraes, such as M, L, T eff and R and in constraining input stellar physics. The period-mean density relation suggests that the observable period is the most important quantity in constraining the global stellar parameters. However, in this study, using recently published pulsation models for Cepheids and RR Lyraes, we have used modern data analysis methods to demonstrate that light curve structure plays a statistically significant part in determining these parameters. Using these techniques we have developed a catalogue of predicted masses, luminosities, radii and effective temperatures for OGLE Cepheids and RR Lyraes. We have furthermore used the predicted luminosities and hence predicted V-and I-band theoretical magnitudes to construct a Wesenheit function and estimate the distance to the LMC and SMC. Our calculated distances are statistically consistent with the latest estimates from eclipsing binaries.
Certainly our results are model-dependent. If there are systematic errors in the models or missing physics this will be reflected in the final results. However this should be then viewed as an incentive to improve or further constrain stellar pulsation models. In the future, it will be interesting to ID
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Our results could be improved by a more extensive or more uniform input model grid. For example, we are currently able to apply this method to only about 10% of the Cepheids observed in the LMC due to the relatively limited parameter space spanned by the grid of models. Furthermore, some unpropagated systematic errors exist in the resulting estimated parameters due to some theoretical parameters being held fixed, such as using only one composition for all Cepheid models. We plan follow-up studies in which we compute a more extensive grid in order to obtain more accurate estimates of these parameters. 18.688 ± 0.093 mag LMC: Cepheids 
